Abstract. In this article, we prove that any complex smooth rational surface X which has no automorphism of positive entropy has a finite number of real forms (this is especially the case if X cannot be obtained by blowing up P 2 C at r ≥ 10 points). In particular, we prove that the group Aut # X of complex automorphisms of X which act trivially on the Picard group of X is a linear algebraic group defined over R.
Introduction
In real algebraic geometry, one is interested in the problem of the classification of real varieties which become isomorphic after complexification. For example, the complexification of P 1 R is of course P 1 C , and the complexification of the real conic X 0 of equation x 2 + y 2 + z 2 = 0 in P 2 R (i.e. the complex conic of P 2 C defined by the same equation) is also isomorphic to P 1 C because the conic is smooth rational over C. However, X 0 is not isomorphic to P 1 R as a real variety : indeed, the set of real points of X 0 is empty whereas P 1 R has real points. One says that X 0 and P 1 R are two distinct real forms of P 1 C . We now define precisely the concepts involved in order to present the problem with which this paper deals.
A real structure on a complex algebraic variety X is an antiregular 1 involution σ on X ; the antiregularity condition means that the following diagram commutes :
The data of a complex quasiprojective variety X (as a scheme over C) and of a real structure σ on it corresponds to the data of a scheme X 0 over R : if X := X 0 × Spec R Spec C is the complexification of X 0 , then X 0 corresponds to the natural real structure Id X 0 ×Spec (z → z). Conversely, if (X, σ) is given, then X 0 = X/ σ is a scheme over R such that X 0 × Spec R Spec C ≃ X : it is called a real form of X (see [Har77, II. Ex.4 .7], [Sil89, I.1.4], [BS64, Prop.2.6]). Two real structures σ and σ ′ on X are equivalent if there exists a C-automorphism ϕ of X such that σ ′ = ϕσϕ −1 . Such an automorphism ϕ is equivariant for the two structures, thus it corresponds to an R-isomorphism between the two R-schemes X 0 = X/ σ and X ′ 0 = X/ σ ′ . Conversely, an R-isomorphism between two R-schemes X 0 and X ′ 0 corresponds to a C-isomorphism between their complexifications which is equivariant with respect to the natural real structures ; thus, the equivalence classes of real structures on X correspond to the isomorphism classes of real forms of X. Moreover, if G = σ , then H 1 (G, Aut C X) is the set of equivalence classes of real structures on X, where G acts on Aut C X by conjugation (cf. [BS64, 2.6]). The aim of this article is to give a partial answer to the following open problem :
Problem. Let X be a rational surface. Does X have a finite number of real forms ? Namely, is there a finite number of equivalence classes of real structures on X ?
This question was asked for algebraic surfaces in general by Kharlamov in [Kha02] . It has positive answer for minimal rational surfaces, cf. [Kha02] , [DIK00, III.6.11.7], also for minimal algebraic surfaces of nonnegative Kodaira dimension, cf. [DIK00, Appendix D], and in the case of Del Pezzo surfaces, cf. [Rus02] (see also [Kol97] which uses minimal model program for schemes over R). Let us also note that the finiteness of real structures is known for projective spaces, cf. [Rus02, 1.1], for abelian varieties, cf. [BS64, 3.5, 6 .1] and [Sil82, Prop.7] , and for varieties of general type (since their automorphism groups are finite, see for example [Mat63] or [HMX13] ).
2 Finally, it should be noted that, to our knowledge, there is no example of a variety having an infinite number of non-equivalent real forms.
In view of the above, we will need to understand automorphism groups of rational surfaces ; thus, we briefly recall classical results about automorphisms of rational surfaces (in the following, every rational surface is supposed to be complex and smooth). If X is a rational surface, then Pic X is a free abelian group of finite rank ρ(X) and the intersection form on X induces a symmetric bilinear form of signature (1, ρ(X)−1) on Pic X by Hodge Index Theorem. Aut X acts isometrically on Pic X by pulling-back divisor classes and if p : Aut X → O(Pic X) is the morphism corresponding to this action, we denote by Aut # X the kernel of p and by Aut * X the image of p (as in [Har87] ) and thus we have an exact sequence :
These two groups are very different in nature : Aut # X is a linear algebraic group whereas Aut * X is a discrete group of isometries of the lattice Pic X. In particular, if X is a basic rational surface 3 , then Aut * X is included in a Weyl group W X (see [DO88, VI.Lemma 3] or [Nag61, Corollary p.283]) which is finite if, and only if, the number r of points which are blown-up over P 2 to obtain X satisfies r ≤ 8. Finally, thanks to results of Gromov [Gro03] and Yomdin [Yom87] , if ϕ ∈ Aut X, we may define the topological entropy h(ϕ) of ϕ as the logarithm of the spectral radius of the automorphism ϕ * of Pic X ⊗ Z R induced by ϕ. As we will see, the presence of automorphisms of positive entropy in Aut X indicates in some sense how big is the group Aut * X. In fact, our main result is the following theorem : Theorem 1. If a rational surface X has an infinite number of non-equivalent real structures, then X is a blowing up of P 2 at r ≥ 10 points and has at least one automorphism of positive entropy.
Let us note that this result contains the case of del Pezzo surfaces and minimal rational ones, but it also contains the different cases of blow-ups of points in special positions (collinear points, conical sextuplets, infinitely near points...) ; however, in section 2, we derive this result in a synthetic manner. Before this, we will need to study Aut # X in section 1 : we prove that a real structure σ on X induces a real structure on Aut # X. Finally, in section 3, we show some other finiteness results, which are not included in Theorem 1 : in particular, we prove that if a rational surface X has an infinite number of non-equivalent real structures, then Aut * X must contain a non-abelian free group.
1. Real structure on Aut # X
We will use the following convention (cf. [Sil89, I.4]) :
Definition 1.1. Let X be a smooth projective complex variety, ϕ be an automorphism of X and σ be a real structure on X.
(1) If f : X C is a rational function on X, then we set
Theorem 1.2. Let X be a smooth irreducible projective complex variety and σ be a real structure on X.
Aut
# X is a complex linear algebraic group 4 and the map σ :
Sketch of proof. The idea of the proof is the following : we use an embedding of X in a projective space P n and we define a real structure σ 1 on P n for which this embedding is equivariant. Then we show that the elements of Aut # X can be extended to automorphisms of P n , realizing Aut # X as an algebraic subgroup of PGL n+1 (C). Finally, we are reduced to prove that σ 1 :
defines a real structure on Aut P n which stabilizes the image of Aut # X and this is finally a computation in homogeneous coordinates in P n .
2 So that one can obtain finiteness for smooth projective curves. 3 In our work, we will have to distinguish two kinds of rational surfaces : a rational surface is called basic if it dominates P 2 and non-basic otherwise. 4 This result is probably well-known but we prove it in the course of proving the second part of this Theorem.
•
Step 1 : the embedding Since X is projective, we can find an ample divisor D 0 on X : by Nakai-Moishezon criterion,
is also ample on X and there exists p ∈ N such that D := pD 1 is very ample on X and satisfies σ * D = D. Now, let (s 0 , . . . , s n ) be a basis of the C-vector space
We consider the embedding defined by this basis :
Step 2 : the real structure
thus, there exist some complex numbers
σ ji s i . We now define σ 1 by :
One can verify that σ 1 is a real structure on P n and that Φ is equivariant for σ and σ 1 . • Step 3 : building an automorphism of P n from an element of
a ji s i . We now define ϕ 1 ∈ Aut P n by :
We have to verify that Φ • ϕ = ϕ 1 • Φ. Let Ind(f ϕ ) be the indeterminacy locus of f ϕ and U := {x ∈ X \ Ind(f ϕ )| f ϕ (x) = 0}. For x ∈ U , one has :
Hence Φ • ϕ and ϕ 1 • Φ are two isomorphisms from X to P n which coincide on the dense open subset U of X : thus they coincide on all of X. • Step 4 : the embedding of Aut # X into Aut P n We define β :
: β is clearly injective (since the data of β(ϕ) determines β(ϕ)| Φ(X) and thus ϕ) and a slightly tedious computation shows that β is a group morphism. Hence Aut # X can be equipped with a structure of linear algebraic group over C for which β is a morphism of algebraic groups.
• Step 5 : antiregularity of σ 1 and σ Finally, we define σ : Aut # X → Aut # X ϕ → σϕσ −1 and σ 1 :
. Now, a really tedious computation shows both that β σ = σ 1 β and that σ 1 is antiregular. Thus, we can conclude that σ = (β| Im β ) −1 σ 1 β is antiregular ; as it is clearly an involution, we obtain the desired result.
Proof of the Main Theorem
As we have seen in the Introduction, if X is a complex quasiprojective surface with a real structure σ and G = σ , then H 1 (G, Aut X) is the set of equivalence classes of real structures on X, where G acts on Aut X by conjugation (notice that this set is not defined if X has no real structure, but in this case, our problem is trivially solved). Thus, we have to consider this cohomology set in order to prove Theorem 1.
For the convenience of the reader, we now recall the fundamental definitions and results about nonabelian group cohomology of finite groups (one can generalize to profinite topological groups).
Definitions 2.1. Let G be a finite group.
• A G-group is a group A on which G acts by automorphisms. In other words, A is equipped with an action of G such that : ∀σ ∈ G, ∀a, b ∈ A, σ.(ab) = (σ.a)(σ.b). If A is abelian, one also calls it a G-module.
• We denote by A G or H 0 (G, A) the set of fixed points of this action.
• A map a :
We will denote by Z 1 (G, A) the set of cocycles.
• Two cocycles a and b are equivalent (we note a ∼ b) if :
• The first cohomology set of G with coefficients in A is H 1 (G, A) := Z 1 (G, A)/ ∼. When A is not abelian, it is only a pointed set (the distinguished point being the class of the cocycle a : σ → Id).
• If B is a G-group and A a normal subgroup of B stable by the action of G, then for any b ∈ Z 1 (G, B), one can define another action of G on A by :
The group A endowed with this new action is denoted by A b (as a G-group) and we say that A b is obtained by twisting the G-group A by b.
• If (X, x) and (Y, y) are two pointed sets, a morphism between them is a map f : X → Y such that f (x) = y.
• An exact sequence of pointed sets is a sequence of morphisms of pointed sets
such that Im f = Ker g := g −1 ({z}). Note that Ker g = {y} does not imply that g is injective.
Remark 2.2. By definition, every cocycle a satisfies a 1 G = Id (where 1 G and Id are the neutral elements of G and A resp.). Moreover, since G = σ ≃ Z/2Z for us, one can easily verify that the data of a cocycle is equivalent to the data of an element a σ of A such that a σ σ.a σ = Id. 
Since we want to apply this result to the exact sequence given in the Introduction, we have to check that this sequence is G-equivariant. But it suffices to remark that the G-action restricts to Aut # X (if ϕ ∈ Aut # X, then for every divisor D on X, (σϕσ −1 ) * (D) ∼ D) and to define the G-action on Aut * X by σ.ϕ * := (σϕσ −1 ) * .
The exact sequence of cohomology sets and the following Theorem are our main tools for proving Theorem 1 :
5 In fact, the following proposition is slightly simpler than the original one, which replaces the hypothesis of the finiteness of H 1 (G, A b ) for every b by the weaker hypothesis of the finiteness of Im (
Theorem 2.4. Let G be a finite group.
(1) [BS64, 6.2] If A is a linear algebraic group defined over R (i.e. a complex linear algebraic group equipped with a real structure), then H 1 (Gal(C/R), A) is finite for the "natural action" (corresponding to the real structure of A). 3.8] ). Since G acts on A by automorphisms, we can form the semidirect product A ⋊ G = {(a, σ)| a ∈ A, σ ∈ G} with the group law defined by
If a is a cocycle, then we can easily see that the map a :
is a group morphism. Moreover, note that if α ∈ A, σ ∈ G and a ∈ Z 1 (G, A), then
Thus, two cocycles a and b are equivalent if and only if ∃α ∈ A such that ∀σ ∈ G, (α, 1) a(σ)(α −1 , 1) = b(σ) and this is equivalent to saying that the finite subgroups a(G) and b(G) of A ⋊ G are conjugate by an element (α, 1) of A ⋊ G. By assumption, A contains a subgroup of finite index isomorphic to Z k for some k ∈ N and Z k is a solvable arithmetic group : thus, by [GP99] (see the Corollary of Theorem 1.3), A is an arithmetic group. Since G is finite, A is of finite index in A ⋊ G and thus A ⋊ G has a finite number of conjugacy classes of finite subgroups by [GP99, Th.1.4]. Now, this is not exactly what we want because we need to prove that there is a finite number of conjugacy classes only via elements of A. But since A is of finite index in A ⋊ G, the desired finiteness is a consequence of the finiteness of the number of conjugacy classes of finite subgroups.
Thus, there exist a 1 , . . . ,
We now recall the statement of Theorem 1, before proving it :
Theorem 2.5. If a rational surface X has an infinite number of non-equivalent real structures, then X is a blowing up of P 2 at r ≥ 10 points and has at least one automorphism of positive entropy.
Proof. We prove the contrapositive of the theorem. Recall that we use the following G-equivariant exact sequence
If X is a rational surface, we begin by showing that H 1 (G, (Aut # X) b ) is finite for every b ∈ Z 1 (G, Aut X) and then, we show that H 1 (G, Aut * X) is finite if X is non-basic or if it is a basic surface with no automorphism of positive entropy ; by Proposition 2.3, it suffices to conclude. Now, remark that G = σ acts on
b where σ b := b σ σ is a new real structure on X (here is the meaning of the torsion : it corresponds to a change of real structure). Thus, it is always the cohomology set corresponding to some real structure on X. Now, by Theorem 1.2, the action of a real structure on Aut # X defines a real structure on this complex linear algebraic group. Thus, by (1) of Theorem 2.4,
is finite for every b ∈ Z 1 (G, Aut X). Now, let us remark that if X is a non-basic rational surface (i.e. if X is not a blow-up of P 2 ), then Aut * X is finite. Indeed, by [Har87, Lemma 1.1], if Aut * X is infinite, then X contains infinitely many exceptional curves. But, the Corollary 1.2 of [Har87] shows that in this case, X dominates P 2 . Thus H 1 (G, Aut * X) is finite and every non-basic rational surface has a finite number of real forms. Finally, if X is a blow-up of P 2 having no automorphism of positive entropy, then by [Gri13, Th.3 .13], A := Aut * X ∩ O + (Pic X) ≃ Z k ⋊ H, where k ≥ 0 and H is a finite group. But A is of index at most two in Aut * X, so by (2) of Theorem 2.4, H 1 (G, Aut * X) is finite and X has a finite number of real forms. In particular, if X is obtained by blowing-up r ≤ 9 points, then it has no automorphism of positive entropy by [Dil11, Prop.2.2].
Remark 2.6. In [Kha02] , finiteness is claimed for blow-ups at 10 points but, in fact, in a discussion with Kharlamov, we saw that his argument was only valid for unnodal Coble surfaces (this argument is used below in the proof of Proposition 3.2).
Some other finiteness results

Cremona special surfaces. Let us recall from [CD12] the following definition :
Definition 3.1. A point set P = {p 1 , . . . , p r } of P 2 is called Cremona special if r ≥ 9 and if the surface X obtained by blowing up P is such that Aut * X has finite index in the (infinite) Weyl group W X . The surface X is then also called Cremona special.
This condition of finiteness roughly expresses that Aut * X is as large as possible. In [CD12] , it is proved that a Cremona special complex rational surface is either an unnodal Halphen surface (with r = 9) or an unnodal Coble surface (with r = 10).
Proposition 3.2. If X is a Cremona special rational surface, then X has a finite number of real forms. Proof. We will prove that Aut * X is of finite index in O(K ⊥ X ) : let us first explain why this is sufficient. 
where
is the automorphism group of the Dynkin diagram of E 8 . Clearly, this diagram has no symmetries, so this group is trivial. Hence
. If r = 10, then E 10 := E 2,3,7 ≃ K ⊥ X is a Nikulin lattice, that is, an even hyperbolic lattice isomorphic to E 8 ⊕ H, where H is the "hyperbolic plane", i.e. a rank-two lattice equipped with a symmetric bilinear form of matrix 0 1 1 0 . The classification of Nikulin lattices (see [Dol83] or [Dol08, Ex.2.7]) shows that W X is of finite index in O(K ⊥ X ). Remark that Theorem 1 does not ensure the desired finiteness for general unnodal Coble surfaces, because they have automorphisms of positive entropy. (see [Dés10] : Déserti constructs ten elliptic fibrations on a Coble surface and claims that for a general Coble surface X, one obtains a subgroup of Aut X isomorphic to (Z 8 ) * 10 , hence by [Gri13, Th.3.13], Aut X must contain automorphisms of positive entropy).
Tits alternative.
There is a kind of Tits alternative for automorphism groups of smooth projective surfaces :
Theorem 3.3. [Zha08, Th.1.6] Let X be a smooth projective complex surface and A a subgroup of Aut X. If A contains at least one automorphism of positive entropy, then A satisfies exactly one of the following assertions :
• A contains the non-abelian free group Z * Z; or • there is a normal subgroup B of A such that |A/B| ≤ 2 and B = h m ⋉ T with h m of positive entropy and p(T ) finite
6
. Moreover, if X is rational, then T itself is finite.
It may be surprising to note that we can prove a partial finiteness result in the first case :
Proposition 3.4. Let k ∈ N, k ≥ 2. If G = Z/2Z, then H 1 (G, Z * k ) is finite independently of the action of G.
Proof. By [Kam75, Th.1], H 1 (G, Z * k ) is the amalgamed sum (or pushout) of k copies of H 1 (G, Z) in the category of pointed sets. But, if (A, a) and (B, b) are two pointed sets, then their amalgamed sum is (C, (a, b) ), where C = (A × {b}) ∪ ({a} × B). Thus, Theorem 2.4 allows us to conclude that H 1 (G, C) is finite independently of the action of G.
In the second case of this alternative, Theorem 2.4 shows that H 1 (G, A) is finite. This allows us to study some examples of surfaces with automorphisms of positive entropy : 
